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ON NONLINEAR OSCILLATIONS
IN A SUSPENSION BRIDGE SYSTEM

ZHONGHAI DING

ABSTRACT. In this paper, we study nonlinear oscillations in a suspension
bridge system governed by two coupled nonlinear partial differential equa-
tions. By applying the Leray-Schauder degree theory, it is proved that the
suspension bridge system has at least two solutions, one is a near-equilibrium
oscillation, and the other is a large amplitude oscillation.

1. INTRODUCTION

The suspension bridge is a common type of civil engineering structure. It is
well known that suspension bridges may display certain oscillations under external
aerodynamic forces. Under the action of a strong wind, for example, a narrow and
very flexible suspension bridge can undergo dangerous oscillations [1]. Based upon
the observation of the fundamental nonlinearity in suspension bridges that the stays
connecting the supporting cables and the roadbed resist expansion, but do not resist
compression, new models describing oscillations in suspension bridges have been
developed recently by Lazer and McKenna in [I0]. The new models are described
by systems of coupled nonlinear partial differential equations. The new study of
suspension bridges initiated by Lazer and McKenna has produced many important
and interesting results. Multiple large amplitude periodic oscillations have been
found theoretically and numerically in the single Lazer-McKenna suspension bridge
equation (see [3], [B]-[10], [I2] and references therein). However, there has been
very little discussion on nonlinear periodic oscillations in suspension bridge systems
of coupled nonlinear partial differential equations in the existing literature. In
[2], Ahmed and Harbi investigated the asymptotic stability of a suspension bridge
system governed by the coupled nonlinear beam and wave equations with nonlinear
damping terms. The same system with linear damping terms has been studied also
in [6] and [14], where the existence and uniqueness of near-equilibrium oscillation
were studied. Except for the work mentioned above, the suspension bridge system
governed by the coupled nonlinear beam and wave equations has not yet received
in-depth study in the existing literature.
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In this paper, we study the following suspension bridge model proposed by Lazer
and McKenna in [I0]

metsy — Qugy — K(w —u)™ = meg +chi(z,t), 0<z <L,
(1.1) mpwyt + Elwggry + K(w —u)™ = mpg + eho(z,t), 0<xz <L,
' u(0,t) = u(L,t) =0,
w(0,t) =w(L,t) =0, wez(0,t) = wee(L,t) =0,

which describes oscillations in a simplified suspension bridge configuration: the
roadbed of length L is modeled by a horizontal vibrating beam with both ends
being simply supported; the supporting cable of length L is modeled by a horizontal
vibrating string with both ends being fixed; and the vertical stays connecting the
roadbed to the supporting cable are modeled by one-sided springs which resist
expansion but do not resist compression. In system (1)), u(x,t) and w(z,t) denote
the downward deflections of the cable and the roadbed, respectively; (w — u)t =
max{w — u, 0}; m. and m; are the mass densities of the cable and the roadbed,
respectively; @ is the coefficient of cable tensile strength; ET is the roadbed flexural
rigidity; K is the Hooke’s constant of the stays; hy and hs represent the external
periodic aerodynamic forces; and, € is a parameter. We are interested in periodic
oscillations in (1)), which are symmetric about z = L/2,

(1.2) w(z,t+T) =u(z,t), wlt+T)=wxt), 0<z<L,

' u(z,t) = u(l —z,t), w(z,t)=wl—=z1t), 0<z <L,
where T is the period of periodic oscillations. By rescaling and translating z and
t, system (L)) with (L2) can be written in an equivalent form

(1.3)
Mty — Qugr — K(w —uw)t = meg +ehy(z,t), —7/2<z<7/2,
mpwit + Elwygee + K(w —u)t = mpg + eho(z,t), —7/2<z<7/2,
u(=m/2,t) = u(w/2,t) =0,
w(—=7/2,t) = w(r/2,t) =0, Wey(—7/2,t) = Wyy(7w/2,t) =0,
u(—z,t) = u(z,t), wl—z,t)=wx,t), 0<z<7/2
u(z,t +m) =u(z,t), wlxt+r)=wlxt), —n/2<zx<7/2,

where hq(z,t) and ho(z,t) are m—periodic functions in ¢.

We have studied in [4] nonlinear periodic oscillations of system (I3)) by assuming
hy and ho being some special eigenfunctions of the beam and wave operators. By
letting hy and hy be any H?—functions and by applying the Mountain Pass Theo-
rem, we have shown in [B] that system (L3]) has at least two periodic solutions.

By assuming h; and ho to be any L?—functions, the objective of this paper is to
study nonlinear periodic oscillations of system ([L3)) by using the Leray-Schauder
degree theory, which is motivated by an important paper [12] by McKenna and
Walter who studied the single Lazer-McKenna suspension bridge equation by using
the Leray-Schauder degree theory. It is proved in this paper that there exists a
constant g9 > 0 such that system (L.3)) has at least two periodic solutions if |e| < &g
(see Theorem 2.2)).

2. NONLINEAR PERIODIC OSCILLATIONS

To investigate the suspension bridge system (I.3), we assume throughout this
paper that

(2.1) Q<me, EI<my,



NONLINEAR OSCILLATIONS IN SUSPENSION BRIDGES 267

which hold naturally for suspension bridges in civil engineering applications. Define
the wave operator Li by
Llu = Mclyt — Quzzv
u(—m/2,t) = u(w/2,t) =0,
u(z,t) = u(—xz,t), ulr,t+m)=u(x,t).
Define the beam operator Lo by
Low = mpwy + Elwegga,
w(—m/2,t) = w(r/2,t) =0,
W (—7/2,1) = Wya(7w/2,t) = 0,
w(z,t) = w(-z,t), wz,t+mr)=w(zt).
Denote by {Amn} the eigenvalues of Ly and by {pmn} the eigenvalues of Ly. Then
it follows from a direct calculation that
Amn = Q(2n +1)2 —dm.m?, m,n=0,1,2,---,
(2.2) _ 4_ 2 — .
tmn = EI2n + 1)* —4dmym?*, m,n=0,1, 2,---.
The eigenfunctions of L, corresponding to eigenvalue A, are the same as that of
L5 corresponding to eigenvalue fi,,,, which are given by
won(z,t) = cos(2n + 1)z, n >0,
Omn (2, t) = cos(2n + 1)z cos2mt, m>1,n >0,
Y (z,t) = cos(2n + D)z sin2mt, m>1, n>0.
Let Q = (—7/2,7/2) x (—7/2,7/2), and H be the Hilbert space defined by
H={uecL*9Q) | u(—z,t) = u(z,t)}.
It is easy to check that the set of eigenfunctions {@mn, ¥mn } is an orthogonal basis

of H. Assume throughout this paper that the material parameters m., m;, Q and
ET are chosen such that

/ |ET
both Q and 4/ — are rational numbers;
(2.3) 4 , 2 4 2
Amn = Q(2n+ 1)* —4dmem® #0;  pmn = E1(2n + 1)% — dmpym® # 0;
Amn + tmn 0, for m>1, n>1.
By the assumption (Z3), L1, Le and L; + Lo are invertible in H. The assumption
of both \/Q/m. and \/EI/m; being rational is necessary due to the known fact
that certain number theoretical difficulties may be encountered [5]. Define
A= LyLi(Ly + L)t
The eigenvalues of A are given by
>\mn,ufmn
)\mn + an ’
where the corresponding eigenfunctions are given by {¢mn, ¥mn}. Under assump-

tion (Z3) and by using ([Z2)), the following mapping properties of Li, Lo and A
were proved in [5].

Lemma 2.1. Let § € R and § # —0mn, and s > 0. Assume that (Z3) holds.
Then

(a) Ly" is a bounded linear operator from H*(Q)NH to H*t'(Q)N H;

(b) Ly is a bounded linear operator from H*(Q) N H to H*T2(Q) N H; and

(c) (A+ B)~! is a bounded linear operator from H*(Q)N H to HST1(Q) N H.

Umn -
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By Lemma 7], it is easy to show that L;, Lo and A have compact inverses in
H. Under assumption (1), one can check easily
(2.4) 090 < 010 < 0 < 0¢p.
Assume throughout this paper that
(2.5) the only eigenvalue of A in the interval (029, 009) is o10.
By using the above notations and by restricting the domain of (u, w) to €2, system

([C3)) can be written as

_ _ +
(2.6) {Llu K(w—u) meg + €hy,

Low + K(w — u)" = myg + cha.

By applying the Mountain Pass Theorem to a dual variational formulation of
[26), it was proved in [5] that if (h1,h2) € (H2(2) N H) x(H?*(Q) N H), and if
—o19 < K < A where

020 + /03y + 8010020 <
2

—010 < A= —020,

then there exists an g9 > 0 such that (Z8) admits at least two solutions in H3(Q) x
H*(Q) if |e| < 0. By relaxing the assumptions on (hq, h2) and K, we prove in this
paper the following main result.

Theorem 2.2. Let (hi,he) € Hx H with ||h1|| =1 and ||h2]| = 1. If —010 < K <
—0490, then there exists an g9 > 0 such that if |e| < eo, then (2.8) admits at least
two solutions in (H*(Q) N H) x (H?(Q) N H). Consequently, system {I.3) admits
at least two m—periodic solutions.

In this paper, || - || denotes the usual norm of L?(Q2). To prove the existence of
multiple solutions of (Z.6)), we first derive an equivalent system of ([2:6). From (2.6l
one has

Liu+ Low = (me +mp)g + £(h1 + ha).
By applying L7 'L, * to both sides of this equation, we have
Ly'u+ L7 w = L7 Ly H(me + mp)g + e(hy + hy)).
Let w = Ll_lw and u = L;lu, then u = Lou, w = Lyw, and
W+ u =Ly "Ly [(me +my)g +e(h1 + ha)].
By substituting them into the second equation of (26), we obtain
LoLy® + K [(L1 + Lo)w — (me +mp)gLy (1) — eL7 (hy + ho)] " = mypg + cho.

Let v = (L1 + L2)w, fo = (me+mp)gLy'(1) € H and f1 = L7 (h1 + ho) € H,
then the above equation can be written as

(2.7) Av+ K [v— fo—efi]" = mpg + eha.
Note that the relation between w — u and v is given by

(2.8) w—u:Ll’lI}—LQ’lj:’U—fo—Efl.
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By substituting the above relation into (Z6]), we obtain

u = L;l |:K (U — f() — €f1)+ + meg + €h1} s
(2.9)
w=L;* [—K(’U—fo—é‘fl)-i_—f'mbg‘f'é‘hg} i

If v € H is a solution of (), then (u,w) € (HY(Q) N H) x (H%(Q) N H) given by
(29) is a solution of (ZHl), where the regularity of (u,w) is obtained by applying
Lemma T Therefore, to study the multiple solutions of (Z8]) becomes to study
the multiple solutions of ([Z7). We prove (2.7) admits at least two solutions in H
by using the Leray-Schauder degree theory.

We need to establish several useful lemmas. Consider the equilibrium oscillation
in system (3] determined by the following equation,

—Qugy — K(w—u)T =meg, —7/2<z<7/2,

Elwgpes + K(w —u)t =myg, —-7/2<x<m/2,
(2.10) u(—=m/2) =u(r/2) =0,

w(—m/2) = w(r/2) =0, Wez(—7/2) = wae(7/2) =0,

u(—z) =u(z), w(—z)=w(), 0<z<7/2
Lemma 2.3. For any given K > 0, there exists a pg > 0, which depends only on
K, Q and E1, such that if me/mp < po, then (ZI0) admits a C*°—solution (ue, we)
satisfying w,(—n/2)—ul(—7w/2) > 0, w,(7/2)—u,(7/2) < 0, and we(z) —ue(z) >0
for —m/2 <z <m/2.

Note that (ue,we) obviously satisfies ([2:6) with e = 0,

{ Liue — K(we - ue)+ = Mcg,

2.11
( ) Lowe + K (we — ue)t = mypyg.

The proof of Lemma B3 and the explicit expressions of po and (u.,w.) can be
found in [5]. Thus by @8, vo = we — ue + fo € C°(Q) N H satistying
(2.12) Avo + K [vg — fo] " = mug,

and vo(z,t) — fo(z,t) = we(x) —ue(r) >0 for —v/2 < z < 7/2, and vo(£7/2,t) —
fo(£m/2,t) = 0.

Lemma 2.4. If —og90 < K < —099, then the following equation
(2.13) Av+ Kvt =0
admits only the trivial solution v =0 in H.

The proof of Lemma [2:4] can be found in [5]. The next lemma establishes an a
priori bound for solutions of (2.7) in H.

Lemma 2.5. Let (hi,he) € H x H with ||hi|| = 1 and ||he|| = 1. Let a > 0 be
a given small real number. Then there exists an Ry > 0 depending only on o and
(h1, ha) such that if —oo0 + o < K < —099 — a and € € [—1,1], any solution v of
(27) satisfies ||v]| < Ryo.

Proof. Assume the conclusion is not true, then there exist sequences of {e,}, {K,}
and {v,} such that K, € [—o¢o + a, —020 — al, €, € [—1,1], |Jvp]| — o0, and

-Avn + K, ['Un - fO - 5nf1]+ =mpg + enha.
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Let v, = U—", then
[[vnl]

+
vn:A—l{mbg+an he g 7, fo . fl]}.

[[on | lvall " lonll " llvall

Since A~ is compact in H, there is a subsequence of {, }; denote it again by {,},
such that v,, — v, K,, — Ko and ¢, — &g, and

Vg = A71 {-Ko[@o]Jr} ,

where Ky € [—0’00 + o, —090 — a] C (—000, —020), g9 € [—1, ].] and HT_)()H = 1.
However, by Lemma [24] the above equation admits only the trivial solution 9y = 0,
which contradicts ||7g|| = 1. O

Lemma 2.6. Let (h1,h2) € H x H with ||hi|| = 1 and ||he|]| = 1. Let a > 0
be a given small real number, and let Ry be defined as in Lemma [2.0 If K €
[—o00 + a, —020 — ] and € € [—1,1], then

dis (v AT {mbg Yehy— Ko — fo— af1]+} , Br(0), 0) ~1,
for all R > Ry, where drs denotes the Leray-Schauder degree, and Br(0) = {v €
H [ ||v]| < R}.
Proof. Let R > Ry. For any K € [—og¢ + a, —0o29 — ], define

Vi (v) = A1 {mbg +ehy—K[v— fo— 5f1]+} .

From Lemma 3, any solution v of (Z7)) is bounded and satisfies ||v|| < Ro. Thus
0 ¢ (I —k)(0@Bgr(0)). Since A~! is compact in H, 1k defines a homotopy of
compact transformation on Br(0). Note that

v —o(v) =v — A" (mbg + cha)

which is simply a translation of the identity, and || A~ (myg+ehs)|| < Ro by Lemma
223 Then by using the properties of the Leray-Schauder degree [I1], we have

drs(v —1o(v), Br(0),0) = 1.

By the invariance of the Leray-Schauder degree under homotopy [11], we have
drs(v — Y (v), Br(0),0) =1,

for K € [—000 + a, —020 — a. O

The next important lemma was first introduced and proved by McKenna and
Walter in [13].

Lemma 2.7. Let D be a compact set in L*(Q2), and ¢ € L?(2) be positive almost
everywhere. Then there exists a modulus of continuity 6 depending only on D and
¢ such that

It — @) ¥l < nd(n),  for any n >0 and ¥ € D.

Lemma [2.7] plays an important role in proving the following lemma.

Lemma 2.8. Let (h1,he) € H x H with ||h1]| =1 and ||he|| = 1. If —010 < K <
—09, then there exist v > 0 and €9 > 0 such that

drs (v— A" {mpg +eho — K[v — fo —efi]"}, By (v9),0) = —1,
for |g| < eq, where vy is defined in (Z12).
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Proof. For any A € [0, 1], define
ha(v) = A~ {mpg — K(v— fo) + A[e(he + K f1) — K(v — fo —ef1)7]},
where w~ = max{—w,0} and w = w' —w~. Then

ho(v) = A7 {myg — K (v — fo)},
hi(v) = A7 {mpg +ehs — K(v— fo—efi)t}.

Since A~! is compact in H, hy defines a homotopy of compact transformation on
B, (vy) in H for any v > 0. If, for some v > 0, h) satisfies

(2.14) 0¢& (I —hy)(0By(v9)), YAel0,1],
then, by the invariance of the Leray-Schauder degree under homotopy [11], we have
drs (v— A" {mpg+chy — K[v— fo —fi]"}, By (v0),0)

=dps (v — h1(v), By(v9),0)

=drs (v — ho(v), By(10),0)

=drs (v — A Hmpg — K(v — fo)}, By(v0), O) )
By Lemma 23 and 212, it is easy to verify that vy is the unique solution of

Av + K [v = fo] =mug,
because —o19 < K < —o9g. Thus
drs (v — A mpg — K(v — fo)}, B (o), 0) =drs ((I + KA Y, B, (0), O) .

By ([23)), it is easy to check that the eigenvalues of I + KA~! are given by pn =
1+

Omn
(23) and the assumption —o1p < K < —099, we have p19 < 0 and py,y, > 0 for the
rest of the eigenvalues of I + K. A~'. Thus, for such a type of linear operators, it is
well known [T1] that

# 0 whose corresponding eigenfunctions are given by {@mn,¥Ymn}. By

drs (I + KA )v, B,(0),0) = —1.
Therefore, we have
drs (v— A" {mpg +ehy — K[v — fo —efi]T}, By(10),0) = —1,
provided (2:14)) is proved to be true.

In the rest of the proof, we show that there exist ¢g > 0 and v > 0 such that
(214)) is true when |e| < €.

Under assumptions (1)) and (23)), it is straightforward to check that 0 < ogg <
—010, hence || A7Y| = 1/0g0. Let D be the closure of A~*(B;(0)). Thus D is
compact in H. Assume there is a v € H such that |[[v —vo|| = v and v — hy(v) = 0,
then
(2.15)  Av—{mpg— K@ — fo) + A [e(he + Kf1) = K(v— fo—cf1)"]} =0.
Let ¢ = v —vg. Then ||¢|| = . By using (ZI2), it follows from (ZI5) that
(2.16) .A(b:—K¢+/\[E(h2+Kf1)—K(’UQ—fo—l—(b—&fl)_] .

Since vg — fo > 0 on , we have

0<(vo—fo+tod—cfi)” <(p—ef1)".
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Thus, for any A € [0,1],
=Ko+ Xe(he + K f1) = K(vo — fo+ ¢ —ef1)"]|| < lel(1 + 2K| f1l]) + 2K7.

Let 1 = 1++KHJ01|| By (ZI6) and the above estimate, we then have, for any
le| < e,

(2.17) ¢ € (1+2K)yD.

Rewrite (2:16) as

(2.18) ¢+ KA g =2AA"" [e(ha+ Kf1) = K(vo— fo+d—cf1)].

By (Z3) and the assumption —o19 < K < —029, we have

a® inf v+ KA 19| > 0.
YeH, [[¥]=1

a depends only on K and A. Since ||¢| = 7, the left-hand side of (ZIJ) satisfies
(2.19) l¢+ KA~ 6| > o
For the right-hand side of (Z.I8)), we obtain

M [e(he + K f1) = K(vo — fo+ ¢ —f1)7]||

< EOHZRIAD | iy vy — o)),
00 oo

where we have used 0 < [u + w|” <u” +w™ and 0 < w~ < |w|. Note that D is
compact in H, and (vo— fo)(x,t) > 0for —n/2 < < w/2 and (vo— fo)(£7/2,t) =0
from (2:12). By Lemma 2.7, there exists a modulus of continuity § depending only
on D and vy — fy such that

I — (vo = fo)] "l <nd(n), for any 1 >0 and ¢ € D.
Thus, by using (2.17), we have
I +vo = fol Il = =6 — (vo = f)I T || < (1 +2K)7d (1 +2K)y).
Then
AT [e(he + Kf1) — K(vo — fo+ ¢ —<f1)7]||

(L+2KIA) | (L+2K)K
J00 J00

le
<

(14 2K)7).
Since 6(n) is a modulus of continuity, one can choose 7 small enough such that

1+2K)K a
Qé((l +2K)y) < —.
g00 4
Then we fix 7, and let
g = min{ 7 Y960 } <er
L+ 2K o] 201+ 2K A1) —

For any |e| < &9, we then have

(2.20) AT [e(he + Kf1) — K(vo — fo+d—ef1)7]|| < 3%7
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Since the left-hand side of (ZIJ) satisfies (2.19), and the right-hand side of (ZI8)
satisfies (Z20) for any |e| < eg, there is no such ¢ € H satisfying ([ZI8). Hence
(219) has no solution in H if |e| < gg. Therefore, (ZI4) is proved. O

Proof of Theorem Since (Z6) is equivalent to (21]), one only needs to show
that (21) admits at least two solutions in H. For any —o19 < K < —09g, it follows
from Lemma [0 that there exists an Ry > 0 such that, for R > Ry,

dis (v A {mbg Yehy— Ko — fo— 5f1]+} , Br(0), 0) ~ 1.
By Lemma 2.8] there exist v > 0 and g9 > 0 such that
drs (v— A" {mpg +chs — K[v — fo —f1]"}, By (v0),0) = —1,
for |e| < 9. By choosing R > Ry so large that Br(0) D B, (vg), we then have
drs (v— A" {mpg +cha — K[v — fo —efi]" } . Br(0) \ B,(vp),0) = 2.

Therefore, [Z7) admits at least two solutions in H, one in By(vp) and one in
Br(0) \ By(vo). Consequently, (L) admits at least two solutions in H x H. O

From the above proof of Theorem 222, we observe that one solution vy of (27)
is in B (vg), which is very close to vg. In other words, () admits a solution
corresponding to v; by (29), which is in fact a near-equilibrium solution. Such a
near-equilibrium solution can be proved also by the Banach fixed point theorem
[5]. On the other hand, the above proof of Theorem shows that (27) admits
another solution vy in Bg(0) \ By(vo), which implies |[va — vg|| > 7. In other
words, (Z6]) admits a solution corresponding to ve by ([Z9]), which is not near the
equilibrium solution (u.,w,). In this sense, such a solution can be understood as a
large amplitude oscillation of system (Z2.6)).

As a final remark, we point out that assumption (ZI) plays a key role in proving
Lemma 4], which plays a key role in establishing a priori bound for solutions of
(20) in H (see Lemma Z5), and in proving that the functional corresponding to
the variational formulation of system (Z7) satisfies the Palais-Smale condition in
[5]. (1) is a sufficient condition, and can be relaxed certainly a little bit further.
However, a relaxation of (2.0)) may create some technical difficulties particularly in
proving Lemma [2.4]
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